Low-cost INS/GPS with Nonlinear Filtering Methods

Junchuan Zhou
Center for Sensorsystems (ZESS)
University of Siegen
Siegen, Germany.
Zhou@zess.uni-siegen.de

Ezzaldeen Edwan
Center for Sensorsystems (ZESS)
University of Siegen
Siegen, Germany.
Edwan@zess.uni-siegen.de

Abstract - For land-based navigation, Euler angles are
often used in INS/GPS integrated navigation systems.
However, the trigonometric operations required in the
updates and forming of the rotation matrices for
transforming the INS measurements from the body
frame to the navigation frame turns the system model to
be highly nonlinear. Besides, using low-cost MEMS-
based IMUs, the gyroscope bias errors must be correctly
estimated and compensated, which makes the
nonlinearity problem a critical one. In this contribution,
three Kalman filtering methods (i.e., Extended Kalman
filter with simplified system model, Extended Kalman
filter with linearized system model and Unscented
Kalman filter with nonlinear system model) are utilized
in INS/GPS tightly-coupled integration. Simulations
and field experiments are conducted. Numerical results
are compared in terms of both estimation accuracy and
processing time.

Keywords: INS/GPS, nonlinear filtering, Euler angles.

1 Introduction

The Global Positioning System (GPS) is widely used in
navigation. The GPS receiver can offer long-term stable
absolute positioning information with output rate at around
1 to 10 Hz. However, the system performance depends
largely on the signal environments. In an inertial
navigation system (INS), the angular rate and specific
force measurements from the inertial measurement unit
(IMU) are processed to yield the position, velocity and
attitude solution. Such systems can navigate autonomously
and provide measurements at a higher data rate (e.g., 100
Hz). However, the system has to be initialized and
calibrated carefully before application. Moreover, the
sensor errors are growing unboundedly over time. Due to
the complimentary characteristics of GPS and INS, they
are often integrated to obtain a complete and continuous
navigation solution.

The INS and GPS are often integrated either in loosely-
coupled or in tightly-coupled manners. The loosely-
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coupled integration has a decentralized estimation
architecture, which uses the output of the navigation
solutions from a GPS receiver and an INS. The drawbacks
are that typically four satellites have to be in view to
obtain the updates from the GPS receiver, and the filter
cascading problem may occur in case that one Kalman
filter (KF) is used for GPS and another is used for
integration. In the tightly-coupled integration, only one
centralized KF is used, and the pseudorange and delta
pseudorange measurements are directly employed in the
filter. In such cases, if the number of tracked satellites
drops below four, the information from the remaining
satellites can still be used to update the INS estimates.
Hence, it is considered in this contribution.

Regarding the INS/GPS tightly-coupled integration based
on Euler angles, the system dynamic and observation
models are both highly nonlinear. The extended Kalman
filter (EKF) is considered as the state-of-the-art for fusing
the INS and GPS data. However, the filter model relies on
the first order linearization of the nonlinear system models.
Moreover, the linearization of the nonlinear system
models may be a complicated mathematical task.
Simplifications are often made when certain rules are met,
which will be discussed in Section 3.1. The unscented
Kalman filter (UKF) was proposed by Julier as another
nonlinear filter. When both the process and measurement
noises are Gaussian distributed, its estimation accuracy
can reach up to the third order of the Taylor series
expansion for any nonlinearity [4]. With the recent
advances in computer technology, more advanced
nonlinear filtering algorithms can be used in navigation,
e.g., the particle filter related algorithms [1]. For accurate
attitude determination, extra sensors can be employed. For
instance, the integration of an INS with a non-dedicated
multi-antenna GPS system using double difference carrier
phase measurements are exploited and the results are
presented in [3].

In the integration of a single GPS receiver antenna and an
INS without redundant attitude information (e.g., from
magnetometers, or multi-antenna GPS systems), the INS
attitude and sensor bias errors are weakly observable and



are essentially corrected by the GPS velocity
measurements through the off-diagonal parameters in the
error covariance matrices in the KF. It is the nonlinear
system model that relates the attitude errors, sensor bias
errors with the position and velocity estimation errors.
Therefore, this nonlinearity must be carefully treated
when accurate navigation solutions are demanded.
However, how severe will this nonlinearity influence the
system estimation accuracy? What are the difficulties
using an EKF and what is the limitation of the simplified
linear system model? Because a thorough analysis on
these points has not been found by the authors, in this
paper, they will be studied through both simulation tests
and field experiments.

In the remainder of this paper, the content is organized as
follows. In Section 2, the nonlinear INS process model
using Euler angles is given. In Section 3, three approaches
for tackling this nonlinearity are introduced. In Section 4,
simulations are conducted based on a high dynamic 3D
UAV trajectory. In Section 5, a field experiment is made
and estimation results are analyzed. Last but not least, a
short summary is given at the end of the paper.

2 Nonlinear INS process model with Euler
angles

The INS process model we used is often seen for the low-
cost micro-electromechanical (MEMS) based IMUs, and
it is used as the system dynamic model in INS/GPS
integrated navigation systems. For a low-cost IMU, the
effects from the earth rotation cannot be observed, and
hence, they are not considered in the model. Moreover, in
strap-down processing and in the system model for the
KF, the transport rate and Coriolis terms have been
neglected for simplicity. The simplified mechanization
model in discrete time can be expressed in navigation
frame as:

pn,k+1 = pn,k + Vn,k : At (1)
P ¢ bias
Vst = Vo +|:Rb2n,k (-1, ) +g, ]'At
~ A bias

Vin =Wy +Eb2n,k '((’Jb,k -0, )- At
where £ is the time instant; f, is the measurement vector
of the specific force; @, represents the measurement
vector of angular rate; g, is the local gravity vector; y is

the Euler angles; R,, is the frame rotation matrix from

body frame to north east and down (NED) navigation
frame, and E,,, is the rotation rate transformation matrix
between body and navigation frame.
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where CX ,SX and 7X represent the trigonometric
operations of cosine, sine and tangent respectively. The

A bias

6,9, ¢ denote the roll, pitch and yaw. The flf”,f‘ and @,

in Equation (1) are the estimated specific force and
angular rate bias errors. These bias errors have non-
Gaussian characteristics and must be estimated and
corrected carefully. For low-cost MEMS-based IMUs, the
gyro bias errors are critical. This is due to the fact that they
will be integrated to form the Euler angles, which are then
used to build the vector transformation matrices for
transforming the accelerometer measurements from the
body frame to the navigation frame. After integrations,
these errors turn out to be the position and velocity drifts
in the navigation frame [9].

3 Kalman filtering methods

Three Kalman filtering methods are compared in this
paper, which are the EKF with simplified system model;
the EKF with linearized system model and the UKF with
nonlinear system model.

3.1 EKF with simplified system model

The direct linearization of Equation (1) is difficult due to
the trigonometric operations contained in R,, and E,, .

Simplifications can be made when the following rules are
met:

1) Accurate INS self alignment and calibration processes
are conducted before the application.

2)The angular changes between INS data update interval
are small so that small angle assumptions, i.e., cos(d8) =1

and sin(d6) = 86, can be made.

Fulfilling the above requirements, the simplified discrete-
time linear system model is given in Equation (3). The
error states are used, which include the position and
velocity estimation errors in NED navigation frame;
attitude errors (i.e., roll, pitch and yaw); accelerometers
and gyro bias errors in body frame and receiver clock bias
and clock drift errors in distance.
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where [f X] is the skew-symmetric matrix of f =R, f,,

and fb :fb —f,f”‘“. The unknown time-varying gyroscope
and accelerometer bias errors 8f, and d®, are modeled as
random-walk plus constant [5]. The receiver clock drift
error ¢d¢ is modeled as random walk, while the receiver
clock bias ¢d¢ is the integral of the clock drift error.

The derivations of Equation (3) are encountered often in

literature, and the equations shown in this section follow
[6-7].



In the inertial frame, the inertial acceleration v, measured
on the Earth is equal to the acceleration measured by the
accelerometers f,. compensated for the Earth’s gravity g,,
Coriolis acceleration @/, Xv, and centripetal acceleration
O], X®, Xr as:

v, =f +g — (0, xo' xr)- (o), xv,) 4)
where @, is the earth rotation with respect to the inertial
frame, and v, is the earth-relative velocity expressed in
the inertial frame.

In the earth frame, the acceleration of the vehicle v, with
respect to the earth is equal to the inertial acceleration of
the vehicle v, transformed over to the earth frame minus
the Coriolis acceleration ®, X v, due to the velocity v, of
the vehicle over a rotating earth:

v, =RV, -0, XV, ®)
For the low-cost MEMS-based IMU, the earth rotation
cannot be detected. Thus, substituting Equation (4) in

Equation (5) with @], equals to zero vector:
v, =1 +g, (6)

where f, represents the acceleration measured by the

accelerometers in the body frame expressed in the earth

frame. With constant gravity vector, by the definition of

perturbation, we arrive at:
5v,=v,-v,=R,,f, -R,,.f, ™

b2e b2e

The direction cosine matrix ﬁbze is the true
transformation matrix R,,, misaligned by the small

misalignment angles [OyX] as:

li/;ze =(I,; ~[6WXDR,,, ®)
Substituting Equation (8) into Equation (7) yields:
5‘.16 = (R/72@ _[J\IIX]RbZe )fb - RbZEfb (9)

=R,, 0f, —[Syx]f, =R,, of, +[f x]0y

where of, =f, —f, , and [Syx]f, = —[f x]0y .
Rearranging Equation (8) yields:

[5‘”)(] = I3><3 - lineRlz;Ze (10)
After differentiating we have:
[5\I’X] = _RbZeRZZE - ﬁbZeRZZe (1 1)

With small angle transformations, the derivative of the
direction-cosine matrix can be formulated as:

RbZe = szHQZL’ and ﬁbZe = RbZefzie (12)
and SA!Z are the

representation of the angular rotation rate vector in the
body frame with respect to the earth frame.
Substituting Equation (12) into Equation (11) gives:

[6yx]=-R,,, (2] + Q0 )R], (13)
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skew-symmetric

For the skew symmetric matrix € , we have
Q] =—Q" | and let Q" =Q —Q! .
Equation (8) in Equation (13) yields:
[OWx]=—(1,,4 _[6‘|’x])Rb2e592eRtT,2e (14)
=-R,,, 02, R}, +[SYx]R,,,0Q; Ry,
The product of [SyX]R,,,0Q) R}, is negligible due to
the small terms [Syx] and S,
[6¥x]=-R,,, 02, R}, =—[R,,,d0,X] (15)
While the gyroscope measures the total inertial rotation
o) which comprises ®, plus rotation of the earth with

Substituting

. Thus, we have:

respect to the inertial frame expressed in the body frame.
Thus the following relationship exists:

5(’)Ze = é‘mfb - RiZbé‘mie (16)

The earth rotation rate is considered as constant, i.e.,

d0!, =0 . Thus, we have do) = Jdw’, . Substituting this in
Equation (15), we get:

[6yx] = {R,,,60),x]= 6y = -R,,,60), (17)

Having the Equations (9) and (17), and denoting the é‘mfb

as dm, for simplicity, the inertial error models can be

formed as:
op=0v (18)
5v=[f x]0y +R,,,Of,
oy =-R,, 00,

The NED navigation frame is a type of earth frame and
often used for land vehicle applications. Hence, it is used
in this contribution. Equation (18) is in the continuous
time domain. The discrete-time system transition matrix is
given in Equation (3).

3.2 EKF with linearized system model

In this method, the error states are still used, which are
given in Section 3.1. The nonlinear INS process model is
shown in Equation (1). The linearization is conducted at
the updated trajectory during the run-time. The derivation
of the Jacobian matrix for this nonlinear system model
(i.e., with respect to the current updated position, velocity,
attitude, accelerometer bias, gyro bias, clock bias and
clock drift estimates) is a complicated mathematical task,
which is shown in Equation (19).
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where fx :Ji_]ﬁxbias , ]2} :];,;_J}fms , ]22 :]é_J}mes ,
b, =0, - , & =0, - are the IMU raw data
compensated with the estimated sensor bias errors
expressed in the body frame; CX,SX and 7X are the
mathematical operations of cosine, sine and tangent
respectively, and C’X,T°X represent the square of
cosine and tangent operations. The linearization is
accomplished using the “Jacobian” function in MATLAB.

3.3 UKEF with nonlinear system model

In the UKF algorithm, the nonlinear system models are
directly applied to the sigma points to yield their
transformed state vectors, from which the a priori and a
posteriori estimates are derived. Total states are used in
this method. Consider the case that the system process and
measurement noises are additive and Gaussian distributed:

x, =f _(x, )+w, (24)
Y =h(x,)+v,
withw, ~ N(0,Q,),and v, ~ N'(0,R,)
The following algorithm from [4,10] is used in this paper:
1) Initialization
ﬁg = E(Xo)a Po+ = E[(Xo - ig )(Xo - ig )T] (25)
2) Draw sigma points
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3) Time update
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4) Draw sigma points
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5) Predict measurements
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6) Update covariance
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7) Measurement update
K, =7 (B)" 61

X, =X, +K, (¥, -7,)
P/ =P —K,P"K}
where ‘n’ denotes the dimension of the system state

vector. («/nP,:_l) is the matrix square root of nP,”,, such

T
as («/”PJL) (w/nP,:_l)=nP,:_1 , which can be obtained

from the Cholesky factorization ‘CHOL’ in MATLAB.
T
(JnPktl ) is the i-th row of (JnPk"_l). (JnP,L)' is the

transpose of (JnP,:il) . Q, is the covariance matrix of
the additive system process noise. R, is the covariance

matrix of the additive measurement noise.

4 Simulation Test

In this test, a 3D UAV trajectory is used as shown in
Figure 1. The velocity dynamic profile is plotted in Figure
2. The UAV is flying at the norm velocity of 40 m/s,
which is 144 km/h. In the north and east directions, the
velocities vary dramatically from approximately +40 m/s
to -40 m/s just in a few seconds.

This trajectory is derived from the strapdown processing
of the field collected high quality IMU raw data. It is
considered as the reference for generating GPS
measurements (i.e., pseudorange and Doppler, where the
Doppler measurement is derived from the first order
central  difference  of the carrier-phase  data
d" =(@" —¢"))/(2-At) ) using the SATNAV toolbox
from GPSoft LLC. It needs to be noted that such an
approximation of instantaneous Doppler measurements
using carrier phase data at low output rate (i.e., 1 Hz or 5
Hz) is very poor for high dynamic applications [8]. One



solution proposed by the author on this problem is
presented in [2]. In this paper, we simply use 50 Hz
carrier phase data to derive the Doppler measurements.
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Figure 1. UAV trajectory.
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Figure 2. Velocity dynamic profile.

For the INS/GPS integration, we assume that a NovAtel
DL-4plus GPS receiver is used. From the specification,
we know that when the receiver is navigating under
benign signal environment, in differential GPS mode, the
typical values for position and velocity estimation errors
are 0.45 m CEP and 0.03 m/s RMS respectively. Hence,
we reasonably simulate 0.5 m (1 o) thermal noise errors
on the pseudorange, and 0.02 m/s (1 o) thermal noise
errors on the Doppler measurements. For the multipath,
we use the SATNAV toolbox to generate the errors. The
parameters we have chosen are 0.4 m (1 o) for generating
multipath errors on pseudorange, and 0.01 m/s (1 o) for
generating errors on the Doppler. Time constant is chosen
to be 15 s. Regarding the IMU, an automotive level
MEMS-IMU is simulated. The main sensor errors are
shown in Table 1.

Table 1. Error statistics of the simulated IMU data (1 o).

Gyroscope Bias stability Noise (ARW)
(Angular rates) 3600 [°/h] 0.05 [°/s/NHz]
Accelerometer Bias stability Noise (VRW)
(Specific forces) | 2400 [pg] 1000 [pg/VHz]

The IMU raw data (simulated errors plus the field
collected high quality IMU raw data) in body frame are

plotted in Figure 3.

=)
I

r X y z
%
£ e
@ 0 N 4
e
o
£ —10 ]
S
@
o
(7]
20} 4
I I I I I I
0 10 20 30 40 50 60 70
1 T T T T T T
‘ —_— w w.
y z
T 05F : E
o
2 \ W
o = i
g ° I g
5 |
3 -05F : B
4
<
1k B
i i i i i i
0 10 20 30 40 50 60 70
Time [s]

Figure 3. IMU raw data.

For the integrated KF, the system time-update happens at
the IMU data update rate, which is 50 Hz, while the
system measurement update happens at the GPS data
update rate, which is 5 Hz. The simulation is conducted
with 8 satellites in view. The 100 s INS self alignment and
calibration process is conducted before the simulation.
The attitude estimation errors are plotted in Figure 4. The
attitude norm error is calculated as

|6w. || =~/ 86} + 587 + 50 .

=4
o

Roll Error [deg]

Pitch Error [deg]

‘Yaw Error [deg]

0 10 20 30 40 50 60 70

T T T

EKF Simplified (mean=0.3397, sigma=0.07309)
= EKF Linearized (mean=0.24377, sigma=0.08839)
= UKF (mean=0.21132, sigma=0.07510)

Attitude Norm Error [deg]
. S o o
N © o =
&

o N

70

o
o
N
S
@
S
IS
S
@
S
@
S

Time [s]

Figure 4. Attitude estimation errors (with calibrated Gyros)

As shown in the figure, the UKF and EKF with linearized
system model show similar estimation results. This is
because the main INS sensor errors (i.e., gyro bias) are
corrected from the self alignment and calibration process.
The green curves show the attitude estimation errors from
the EKF with the simplified model. They do not follow
the curves from the former two methods, and the
estimation accuracy is also slightly worse. That is because
the trajectory used in this simulation contains high
dynamics. As shown in Figure 3, the angular rate



measurement from x axis reaches 50 deg/s from time to
time. This leads the small angle assumption to be poor.
However, the attitude errors are still bounded.
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Figure 5. Gyro bias estimation errors (with un-calibrated Gyros).

Figure 5 shows the case that without INS self alignment
and calibration processes, using the UKF and EKF with
linearized system model, the gyro bias errors are correctly
estimated. The curves in the figure represent the
difference between the true simulated gyro biases and the
estimated gyro biases. If the gyro biases are correctly
estimated, these residuals will approach zero.

The advantage of using UKF can be observed, especially
in the converging process. The EKF with simplified
model does not work at all. It is because the gyro bias
errors simulated in this test are large, (i.e., 3600 deg/hr as
one sigma value), these gyro bias errors are contained in
the gyro angular rate measurements, which makes the
small angle assumption invalid.

5 Field Test

A field test is conducted based on the train from the city
of Betzdorf to Siegen in Germany. The trajectory lasts 800
s. Only the UKF and EKF with linearized system model
are considered in this test. One Landmark™'20 MEMS-
based IMU (100Hz) and one Ublox Antaris 4 (1Hz) GPS
receiver are used. The trajectory contains 4 tunnels (GPS
outages). The navigation solution from processing the raw
data of a Ublox Antaris 4 GPS receiver using a least
squares estimation method is presented in Figure 7. The
number of tracked satellites is shown in the lower subplot
of Figure 7.

The horizontal velocity estimates of INS/GPS integration
system using the UKF are given in Figure 8. The INS
bridges the GPS outage successfully. The IMU raw data
are given in Figure 9.

Figure 6. Field exerlet trajectory.
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The estimated gyro bias errors are depicted in Figure 10.
Both the EKF and UKF are tuned to trust more on the GPS
measurements by giving relatively larger diagonal
parameters in the process error covariance matrix Q in the
KF. No specific self alignment and calibration processes
have been conducted before the experiment starts, and the
gyro bias errors are unknown. The GPS pseudorange and
Doppler measurements derived from the Ublox Antaris 4
GPS receiver are poor. Thus, we use 100 m for
pseudorange and 0.1 m/s for Doppler as diagonal
parameters in the measurement error covariance matrix R.
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Figure 10. Estimated Gyro biases.

As shown in the figure 10, the UKF presents improved
estimation performance as compared with the EKEF,
especially in the system converging process. If larger error
covariance parameters are used in R with smaller
parameters used in Q, both curves will be smoother,
nevertheless, it will take more time for the filters to
converge. Under the current setting, after 200 s, the
estimated gyro bias errors from both methods have
converged to approximately the same values.

The INS/GPS (UKF) estimated and gyro accumulated
Euler angles are plotted in Figure 11. For land vehicle
applications, the yaw angle can normally be derived from
the north and east velocity estimates, i.e.,
@ =atan2(v, /vN). The angles calculated by atan2 are

limited to the interval between -180 to +180 degrees.
However, they are transformed to 0 to 360 degrees to
comply with the readings from Landmark™20 IMU. Due
sin(p) v )
cos(p) v,
when both the north and east velocities are approaching
zero from either positive or negative side due to the
measurement noises, (i.e., two stops are made by the train
from 120 s to 160 s and 500 s to 550 s, where actually both
the north and east velocities are nearly zero, as shown in
Figure 8), the yaw estimates in these periods are
completely wrong, as shown in Figure 11.
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Figure 11. Estimated and Gyro accumulated Euler angles.

For the standalone INS, the gyro sensor errors (i.e. sensor
bias and noise errors) are integrated to yield the Euler
angle errors, as shown in Figure 11, which are drifting
over time. When the pitch angle approaches + 90 degrees,
a singularity problem will appear. As shown in Equation
(2), the definition of roll angle is proportional to
Tangent(Pitch), and yaw angle is proportional to
1/Cosine(Pitch). This means that the roll and yaw angles
will be undefined at + 90 degrees pitch angle. And large
errors will occur when the pitch angle is approaching + 90
degrees. For the INS/GPS integrated system, the Euler
angles do not drift at all. That is because the sensor bias
errors are correctly estimated, as shown in Figure 10. This
also proves that the gyro bias errors are the dominant
source of errors in the attitude determination for a low-cost
INS/GPS integrated system.

The Euler angles estimated from the EKF and UKF
algorithms are plotted in Figure 12. The readings from the
magnetometers mounted inside of the Landmark™'20 IMU
are used to initialize the integrations (i.e., the initial Euler
angles in Figure 12 are not zeros). Nevertheless, the
system performances from the magnetometers depend
largely on the environment. And there is no proof to say
that its attitude solution can be better than the attitude
estimates from the INS/GPS tightly-coupled integration.
Therefore, we cannot use it as reference. We show the
attitude estimation solutions from the EKF and UKF
algorithms in Figure 12 directly.

With  approximately correctly initialized attitude
information, the EKF and UKF present similar system
performances on attitude determination (i.e., no
convergence process). However, we believe that the UKF
presents better estimation results than the EKF for two
reasons. Firstly, the gyro bias errors are faster and more
smoothly estimated by the UKF algorithm, as shown in
Figure 10. And secondly, large multipath effects will yield
large innovation sequences in the KF. The UKF can
achieve at least the 2™ order estimation accuracy from the
Taylor series expansion, while the EKF is only at the first
order accuracy, which causes the system performances



from the EKF more easily to be degraded by the external
disturbances.
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Figure 12. Euler angles estimated using EKF and UKF.
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One disadvantage of the UKF algorithm is its higher
processing load. The computer utilized for fusing the GPS
and INS data in this paper is equipped with an Intel
Core2Extreme X6800 CPU (2x2.93GHz) with 2GB DDR2
RAM. MATLAB R20090b is used. The computational time
of the EKF for processing the whole set of collected GPS
(1Hz) and IMU (100Hz) data is 85 s. For the UKF, it takes
233 s. The computational burden from the UKF is mainly
coming from the time update part of the algorithm, which
is at the IMU data update rate (100Hz). That is, the filter
needs to pass 2*n (i.e., n is the dimension of the state
vector, and in our case it is 17) sigma points through the
nonlinear system model at 100 Hz update rate. For
reducing this processing load, we can use the EKF
linearized system model at the time update of KF, and
apply the UKF algorithm in the measurement update phase
of the KF, which is at the GPS measurement update rate
(1Hz). The system performance from such a combination
has not yet been investigated, which leads to the future
work.

Conclusion

In an INS/GPS integrated navigation system, the system
models are highly nonlinear. Three Kalman filtering
methods are employed to investigate the influence of the
nonlinearity on the system estimation performance.
Simulations are conducted based on a high dynamic UAV
trajectory, and a field experiment is made using the train.
Numerical results show that using the UKF and EKF with
linearized model, the gyro bias errors can be correctly
estimated. For the EKF with simplified model, it works
only when certain rules are met. The UKF presents
improved estimation accuracy, especially in the
convergence process and when large disturbances are
presented on the GPS signals. However, its computational
burden is significantly increased.
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